We characterize the compactness of the generalized weighted composition operators acting on the Bergman space.
For w ∈ D, the reproducing kernel function K w in A 2 is given by (see [21] )
Let ϕ be an analytic self-map of D. The composition operator C ϕ is defined by
Let ϕ be an analytic self-map of D and u ∈ H(D). The weighted composition operator, denoted by uC ϕ , is defined as follows:
We denote the set of nonnegative integers by N 0 . Let n ∈ N 0 and f
When n = 0 and u(z) = 1, then D n ϕ,u is just the composition operator C ϕ . See [1, 21] for more information about the theory of composition operators.
See, for example, [3, 6-9, 11, 14, 15, 20] for the study of the operator C ϕ D n . See [5, 10, 16-19, 22, 23] In this section, we state and prove our main results in this paper. Hence, we first state some lemmas which will be used in the proofs of the main results.
ϕ(w) for all f , we get the desired result.
Lemma 2.4 ([2]). Let ϕ be an analytic self-map of D. The operator C ϕ is Hilbert-Schmidt on the Dirichlet space D if and only if
After a calculation, we can obtain the following result (see, e.g., [22] ).
To study the compactness, we need the following lemma, which can be proved in a standard way (see, for example, Proposition 3.11 in [1] ). Now we are in a position to state and prove the main results in this paper.
Here we used the fact that 
and Lemma 2.2 we have
Thus we immediately get the desired result. . Hence from Theorem 2.7 we only need to prove the sufficiency.
Suppose {f j } is a bounded sequence which converges to zero uniformly on compact subsets of D. Without loss of generality assume that f j ≤ 1. We need to prove
by Lemma 2.1 we get
by [21] . Since C ϕ is bounded on A 2 2n for any ϕ, we get
Let ε > 0 be given. Since
there exists r 1 ∈ (0, 1) such that
for r 1 < |ϕ(z)| < 1. Since C ϕ is Hilbert-Schmidt on the Dirichlet space D, by Lemma 2.4,
there exists r 2 ∈ (0, 1) such that
for r 2 < |ϕ(z)| < 1.
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Let r = max{r 1 , r 2 }. Then by (2.1),
where
Since {ϕ(0)} is a compact set, there exists a positive integer j 1 such that . Thus
Since {f 
From inequalities (2.2) and (2.3), we conclude that I 3 < ε. By Lemma 2.5, (2.4) and (2.5) we have
From the above estimate we obtain that D 
is compact if and only if
Proof. We also only need to prove the sufficiency. Suppose {f j } is a bounded sequence which converges to zero uniformly on compact subsets of D. Without loss of generality assume that f j ≤ 1. We need to prove that
Let ε > 0 be given. Since C ϕ is compact, we have (see [21] )
Then there exists ρ 1 ∈ (0, 1) such that
and
Similar to the proof of Theorem 2.8, we see that there exists a k such that
when j ≥ k. By Lemma 2.5, (2.6) and (2.7), we have 
